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Abstract:

The linear, Level I Green-Naghdi (GN) theory is de-
veloped to study the hydroelastic behavior of a rectangu-
lar airport or runway whose draft is \small" and which

oats in a near-shore area. The theory uses the linear,
shallow-water wave equations of the GN type for the 
uid
dynamics and the thin-plate theory for the structural dy-
namics. The governing equations are matched at the
juncture boundary and the resulting partial di�erential
equations are solved by the boundary-integral-equation
(BIE) method. The method devised here is proven to
be very e�cient in a parametric study of the hydroelastic
response of a mat-type 
oating runway in regular waves.
The main parameter varied in the problem is the sti�ness
of the mat. The de
ections of the mat are calculated for
various incoming wave frequencies and heading angles in
water of \shallow" depth. The presented results may be
used as a guideline to determine the sti�ness of a mat-
type 
oating airport at the preliminary design stage.

I- Introduction

Mat-type structures are usually considered as 
oating
runways or airports in relatively shallow water and in
sheltered locations. The use of a simple geometry, that of
a wall-sided, shallow, rectangular shape as a 
oating air-
port is planned, e.g., in Japan (see [1]). Because a 
oat-
ing runway would be very long and wide, it is necessarily
quite 
exible and can respond in a three-dimensional way
to incoming waves. If the response is not con�ned to the
edges of the runway, the taking-o� and landing opera-
tions of an airplane can severely be a�ected. Therefore,
it is important that we understand the physical mecha-
nism behind the dynamics of such elastic structures.
The hydroelastic response of a 
oating mat to incom-

ing waves has typically been treated in the past by panel
(the Green function) methods and in the frequency do-
main. In panel methods, the major computational e�ort
is made to solve the 
uid problem. Because the length
of the incident wave is smaller than the length and, in
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some cases, even the beam of the mat, the number of
panels required for su�cient accuracy is very large. This
presents di�culties in using the panel methods as quan-
titative analysis tools for design.
Recently, a new approach based on the Green-Naghdi

(GN) theory is proposed by [2]. The kinematic struc-
ture of the 
uid motion beneath and outside the plate is
simply assumed to follow the linear, Level I GN theory.
The velocity �elds in the regions with and without the
plate are matched using the continuity of mean mass 
ux
and pressure. The new method was devised to study an
in�nitely-long plate in oblique waves. The results showed
good agreement with the available experiment data.
In this study, the work of [2] is extended to a 
oating

mat of �nite length by using the linear, Level I GN the-
ory to determine the hydroelastic behavior of a rectan-
gular runway whose draft is \small" and which 
oats in a
near-shore area. Due to lack of space here, the reader is
referred to [3] for the full development of the theory and
additional results. The theory uses the shallow-water
wave equations of the GN type for the 
uid dynamics
and the thin-plate theory for the structural dynamics.
The governing equations are matched at the juncture
boundary and the resulting equations are solved by the
BIE method in the frequency domain.
The method developed here is very e�cient in the

parametric study of the hydroelastic response of a mat-
type 
oating runway in regular waves because, unlike in
the usual panel methods which require the discretization
of the entire mat, we only need to discretize the mat
along its edges so that the time-consuming evaluation of
surface integrals is replaced by the evaluation of line in-
tegrals with much more e�ciency. The theory is applied
to a mat-type structure with di�erent values of bending
sti�ness and the de
ections of the mat are presented for
various incoming wave frequencies and heading angles.

II- Theory

An elastic mat of rectangular plan geometry, with length,
L; and beam, B; is considered, see Fig. 1. The mat is
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Figure 1: De�nition sketch of the problem.

freely 
oating on an inviscid layer of constant density �
and depth h; and is under the action of linear shallow-
water waves of frequency ! and direction �: Two regions
which describe the 
uid region (I) and the 
uid-plate re-
gion (II) are considered, and these regions are separated
by the juncture boundary J:
The rectangular mat is assumed to have a uniform

mass distribution, m; and 
exural rigidity (per unit
width) D = EI=B; where E is Young's modulus and
I is the moment of inertia of plate cross section. The
vertical displacement, �; of the mat is assumed to be
governed by the plate theory:

m
@2�

@t2
+D�2� = pf ; (1)

where pf = pf (x; y; t) is the pressure on the bottom
of the plate and � = @2=@x2 + @2=@y2 is the two-
dimensional Laplacian on the horizontal plane. Since
the plate is freely 
oating, the bending moment and the
shear force should vanish at the edges of the plate:
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where n and s denote the normal and tangential direc-
tions as seen in Fig. 1, and � is Poisson's ratio.
We assume that the linear, Level I GN equations gov-

ern the time-harmonic 
uid motion. The spatial part
of the top surface deformation � = <�� 0(x; y)e�i!t

	
in

the 
uid and 
uid-plate regions is given by a complex
function:

� 0 =
h

i!
� ; i =

p�1; (3)

where  (x; y) is the mean velocity potential, i.e.,
V(x; y; t) = <�r e�i!t

	
is the horizontal-velocity vec-

tor. The vertical velocity in the theory is given by

w(x; y; t) = <��i!� 0e�i!t(z + h)=h
	
: Note that, in this

formulation, we implicitly assumed that the e�ect of the
draft of the mat on the 
ow is negligible.
If we couple the conservation of momentum statement

of the GN equations (see [3]) with Eq. (1), we can obtain
the governing equation in Region II:

D�3 II + �g� II �
�
m+

�h

3

�
!2� II +

�!2

h
 II = 0:

(4)
The governing equation in Region I is given by:

� I + k20 I = 0; (5)

where k0 is the wave number of incoming waves, and we
have set the atmospheric pressure to zero.
The solutions of Eqs. (4) and (5) must be coupled

through the matching conditions of the mean mass 
ux
and pressure on J :

 I =  II ;
@ I

@n
=
@ II

@n
: (6)

It can be shown, from Eq. (4), that the solution in
Region II can be written as  II =  1 +  2 +  3; and
each  j is governed by

� j + kj
2 j = 0; j = 1; 2; 3 (no sum on j); (7)

where kj 's are the roots of the characteristic equation of
(4) and <fkjg and =fkjg � 0: Physically, these roots
are related to the progressive and evanescent (decaying)
modes of the hydroelastic waves on the mat.
On the other hand, the solution in Region I can be

decomposed as the sum of the incoming and disturbance
potentials, i.e.,  I =  0 +  4: The spatial part,  0; of
the incoming potential is given by

 0 = � i!A
k20h

ei(kxx+kyy); (8)

where kx = k0 cos � and ky = k0 sin � are the compo-
nents of the wavenumber vector in the x and y direc-
tions, respectively, and A is the wave amplitude. The
unknown disturbance potential  4 must also satisfy the
radiation condition. From Eq. (5), the wavenumber of
 4 is k4 = k0:
The solution of Helmholtz's equation, Eq. (5) or (7)

is called Weber's solution (see e.g., [4]), and is given by
the following integral equation to be evaluated along the
projection of the juncture boundary onto the mat:

� j(x; y) = �
Z
J

�
 j(�; �)

@Gj

@n
�Gj

@ j(�; �)

@n

�
dl�� ;

(9)
where � = � if j = 1; 2; 3 and � = �� if j = 4; (x; y)
is the �eld point, (�; �) is the source point, l�� is the



arc-length variable along J; and Gj(x; y; �; �) are the

Green functions given by Gj = �H
(1)
0 (kjr)=2i; where

r =
�
(x� �)2 + (y � �)2

	1=2
is the distance between the

�eld point and the source point, and H
(1)
0 is the Hankel

function of zeroth order.

The projection of the juncture boundary J onto the
mat is now discretized by Ne segments on which  j and
@ j=@n are assumed to be piecewise constant functions.
The discrete values of these functions can be determined
from algebraic equations obtained by discretizing Eq. (2)
by the �nite-di�erence method and Eqs. (6) and (9) by
collocation at the center of each segment. Once the po-
tential and its derivatives are obtained along the edges
of the mat, an integral relation, Eq. (9) with � = 2�; is
used to �nd the potential anywhere on the plate. The de-

ections of the mat and the free-surface elevation follow
from Eq. (3) in a straightforward manner.

III- Application

Based on the BIE method described above, a paramet-
ric study is conducted on Japan's MEGA Float project
whose speci�cations are given as D = 7:8 � 109N-m
L = 300m; B = 60m; h = 8m; (see [5]). Poisson's ratio,
�, is assumed to be 0:3 here. Along the edge of the plate,
the amplitude of de
ection and the relative wave eleva-
tion, which can indicate the runup or slamming, are com-
pared for various values of the sti�ness of the plate and
the ratio of the plate length to wave length. Along the
center of the plate, y = 0; the maximum amplitude of the
de
ection and slope, which are important in the landing
and take-o� operations of the runway, are comparatively
studied. Part of the results for three di�erent values of
the bending sti�ness, D1 = 7:8�108; D2 = 7:8�109 and
D3 = 7:8� 1010N-m, and for two di�erent values of the
plate to wave length ratio, L=� = 2 and 3, are presented
here; the corresponding wave periods are 16.9s and 11.3s,
respectively.

Fig. 2 shows the amplitude of de
ection (per unit
wave amplitude) at the lower-left corner (x = �L=2; y =
�B=2) and upper-right corner of the plate (x = L=2; y =
B=2) as functions of the wave angle. It is seen that the
de
ections at the lower-left corner is not so sensitive to
the wave angle, whereas the de
ections at the upper-
right corner varies considerably with respect to the wave
angle. For the original MEGA Float model, for which
D = D2 = 7:8�109N-m, the maximum de
ections occur
at � = 55o and 65o in Fig. 2(a) and (b), respectively.
In other words, as the plate becomes sti�er and/or the
wave length becomes shorter, the maximum de
ections
occur at larger values of �.
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Figure 2: De
ection amplitude at lower-left corner:
D1, D2, D3; and at upper-

right corner: D1, D2, D3

In Fig. 3, the maximum amplitudes of the de
ection
and slope along the center are shown. The maximum
values are obtained in the region jxj < L=4; which is the
region of more importance during the landing or take-o�
of an aircraft. In most cases, it is seen that the de
ection
and slope decrease as the sti�ness of the plate increases
or wave length decreases. But when the plate is more

exible, larger values of slope are observed in the shorter
wave case, L=� = 3:
As a more realistic model for a runway, the model

used by [6] is also considered here. The main particulars
of the mat are: D = 3:77 � 1013N-m, � = 0:3; L =
5000m; B = 1000m; h = 50m: The same model, but
with an in�nite length, has been used in a 2-D analysis



in [2]. In Fig. 4, the contour plots of the de
ection of the
runway and wave elevation are shown for L=� = 10 and
20. The corresponding wave periods are 22.6s and 11.3s,
respectively. The contour level of 1.0 equals the wave
amplitude in these �gures. When � = 0o; the de
ection
is signi�cant only at the wave side and decreases along
the length of the runway. At � = 30o; waves are barely
transmitted when L=� = 20, which is expected since � is
less than the critical angle 52:5o for the given wave length
(see [2], for the critical angle de�ned for an in�nitely-wide
plate). When L=� = 10, the critical angle is 29:6o and,
as a result, the waves can be transmitted when � = 30o:
However, these observations are qualitative because the
mat width here is �nite.

0 30 60 90

0 .0

0 .5

1 .0

1 .5
ζ'

,
'

A k A

∇ζ

0

θ

(a) L=� = 2

0 30 60 90

0 .0

0 .5

1 .0

1 .5
ζ'

,
'

A k A

∇ζ

0

θ

(b) L=� = 3

Figure 3: Maximum de
ection and slope at center.

De
ection: D1, D2, D3;
Slope: D1, D2, D3

In the analysis of an in�nitely-long plate, it has been
shown in [2] that the de
ection along the center can be
large, and waves are totally transmitted when the wave
angle is close to the critical angle and the transverse
length of the hydroelastic wave on the plate is an even
integer times of the width of the plate. This phenomenon
is veri�ed using the present numerical method in Fig. 5.
The length of the plate is increased by 4 times and other
dimensions are left the same as in Fig. 4. The wave angle
of 53:4o is considered because, in this case, the transverse
length of the hydroelastic wave on the plate is twice that
of the width of the plate. Little transmission is observed
near the lower-left corner of the plate, as indicated by
the checker-board pattern at the wave side. However,
the amplitude of the transmitted waves increases as x
increases and the amplitude of the de
ection along the
center of the plate approaches 1:2A; as also predicted by
the 2-D theory of [2]. Also note that the wave amplitude
near the right-side edge of the plate in the down-wave
region is very high; it is about four times of the incident-
wave amplitude.
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Figure 4: Contour plots of <f� 0g=A: L = 5 km; B = 1 km, h = 50m

Figure 5: Contour plots of <f� 0g=A: L=� = 80; � = 53:4o; L = 20 km; B = 1 km, h = 50 m


